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1. Introduction 

Recently, vector soliton equations (or coupled soliton equations) such as the vector Nonlinear 
Schrodinger (vNLS) equation have received so much attention in mathematical physics and 
nonlinear physics. Especially, the vNLS equation has been studied by several researchers 
from both mathematical and physical points of view [1-5]. It was pointed out that vector 
solitons can be used in the construction of logic gate [6-8]. It was also pointed out that the 
Yang-Baxter map is the key to understand the mathematical structure of logic gate based on 
vector solitons [4, 9, 10]. 

Although there are many works about one-dimensional vector solitons, a mathematical 
work about two-dimensional vector solitons is still missing. For a more complete 
understanding mathematical structure of vector solitons, the study of two-dimensional vector 
solitons is very important. 

In this paper, we derive a two-component analogue of two-dimensional long wave-short 
wave resonance interaction (2c-2d-LSRI) equations in a physical setting. We also present the 
Wronskian solution of the integrable 2c-2d-LSRI equations. 
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Consider the interaction of nonlinear dispersive waves on 3 channels, e.g. laser beams on 
some dispersive material. Suppose that the dispersion relations of these weakly nonlinear 
waves are 

Ui=LOi{kx,i,ky,i:\Ai\'^,\A2\'^,\A3\^), for i = 1,2,3 

where Ui and Ai are angular frequencies and amplitudes of each channel i, respectively 
Suppose that carrier wave is expressed by exp{i{kx,ox + ky^y — ujQt)). Taylor expansion 
around ko = (fcx,o, kv,o)y and \ Ai\ =0 makes 

+ (^^fc ^) ~ ^X,0){ky,i — kyfl) 

for i = 1,2,3, (2.1) 

where the subscript of ( )o means setting kx,i = kx,o, ky,i = ky,Q, coi = lvq and \ Ai\ = 0. 
Replacing u)i, kx,i and ky,i to operators by the rules — wo ~ id/ dt, kx,i — kx,o ~ —id/dx, 
ky,i — kyfl ~ —id/dy, and applying those equations to Ai{x, y, t), we obtain 

.dAi . / duoi \ dAi . ( duji \ dAi 
1-^+1 



dx \dky,i J Q dy 
_^ 1 / ^^uJ^ \ d^Ai _^ 1 / d^LOi \ d^A, , [ d^uj, \ d^A 



\^^y,t J '^y^ \dkx,idky,i J dxdy 



for i = 1,2,3. (2.2) 



By the transformation of coordinate 



we obtain 

dAi dAi . dAi 



2 ydk^ij ^ dx'^ 2 ydkyj^ J ^ dy"^ \dkx.idkys J q dxdy 



l^ir^i-Ufrns l^2|'Ai- -f^ |A3|Mi = 0, (2.3) 



.dA2 . dA2 . dA2 
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+ i f d^A2 ^if d\j2\ d^A2 _^ f d^uj2 \ d'^A, 



^ \A,\^A2 - ( ^] \A2\^A2 - ) \A,\^A2 =0, (2.4) 



aiAilVo' ' VS|^2|Vo V^l^^i /o 



dt 2\dkl^^j^ dx^ 2\dkl^^j^ dy"^ \dkx,3dky,3 J q dxdy 

^ ^ \M'A,-(^) \A2\^A,-(J^) |A3|^A3 = 0, (2.5) 



V9|Ai|Vo' ' V5|A2|Vo ' V5|^3l 
where 

= 1 ^7 I - 1 777— I , Vy,l = 









/ 5a)3 


9kx,iJ Q 


VSfcx,3 


duJ2 \ 


/ duJ3 


9kx,2Jo 


\dkx,3 



duji \ 




9ky,l)o 


\dky^3 


duj2 \ 


f dujs 


dky,2Jo 


\dky^3 



and x',y',t' are replaced by x,y,t. This is a generalization of the vector Nonlinear 
Schrodinger equation (Manakov system) [2, 11]. 

Now, consider the situation in which Vx,i and Vx,2 are neglected. For notational 
convenience, we rewrite the above equations as 

.dAi . dAi d'^Ai d^Ai d'^Ai 
ot oy ox^ oy^ oxoy 

+ ai\Ai\'^Ai +a^\A2\'^Ai +aQ\A^\'^Ai =0, (2.6) 
.dA2 . dA2 ^ 92^2 ^ 52^2 92^2 
at ay ox^^ oy' oxoy 

+ /34|^i|'^2 + f35\A2fA2 + l3e\A3\^A2 = 0, (2.7) 

.9^3 , d^A3 , ^2^3 , 92^3 

+'Ti"fl~2~ +')'2~i^ +'^3^-^ 
OT aa;^ ay^ oxoy 

+ 74|^l|^^3 +75|^2|^^3 +761^31^^3 = 0. (2.8) 

Assume that the channel 3 is normal dispersion and the channels 1 and 2 are anomalous 
dispersion. We study the dark pulses generated in the channel 3: [12] 

Ai = ipi exp(i(5it) , A2=ip2 exp{i62t) , A3 = {uq + a{x, y, t)) exp(irt + i(j){x, y, t))) , 



x I ^'^^ \ 2 X f 9uJ2 \ 2 -r f 9^3 

'^="'wjo"°' '^=~lwj„"°' "^^-Iwyo""' 

where a and ipi{i = 1,2) are small. Substituting these into equations (2.6)-(2.8), we obtain 

da d^cj) d^<j) d'^cj) „ 

^ +7iWo-^ +72Wo-^ +73'Wo^-^ = 0, (2.9) 
OT OX'' oy' oxoy 



ot OX'' oy' oxoy 

+ 74Mo|V'iP +75Uo|V'2p + 376uga = 0, (2.10) 
.d%pi . dipi 52^1 d'^'4'i d'^fpi 
dt ^'^ dy dx"^ ^ 92/2 dxdy 
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+ a4^\ipi\^-ipi + ar^\y'j2\ tpi +2aeUoaijji =0, (2.11) 

'2 



OT oy ax'^ oy^ oxoy 

+ ,/34|V^l|V2 + A5|V^2PV^2 + 2,/?6MoaV^2 = . (2.12) 

Assume that the y-dependency of can be neglected, i.e. we can neglect <l)y and (pyy. Then 
eq.(2.9) reduces to 

da d^cj) „ 

5^+71-0^=0, 

i.e., 

1 da 



dx"^ 7iUo dt 
Substitute this into eq.(2.10), we have 

d'^a „ od'^a od^a d'^a d^a 

+ 7i^(74Wo|V'i|'+75Wo|^2|') = 0. (2.13) 

By 

t' = st, x' = £^^'^{x + ct), y' = ey , 

(c = 37176M0) with a = eao, V"! = e^^^^i, V'2 = £^^^$2 (£ is small), we obtain equations 
of lowest order of e 

d'^a d"^ 

'^''-d^t+^^-Q^^^i''o\i'i\''+75Uo\H'')=0, (2.14) 

dtjji dijji d'^tpi 

i-^ +ivy^i-^ +ai-^^ +2aeuoaipi = 0, (2.15) 

+ ^ + ^ + 2/36«oa^2 = • (2.16) 

Here we again have disregarded the primes and have replaced ao, $1 and $2 with o, tpi and 
^2- The first equation leads to 

2c^ +71 — (74Uo|Vi|^ +75Wo|V'2|^) = 0. (2.17) 

This system is nothing but the 2-component analogue of 2-dimensional analogue of the long 
wave-short wave resonance interaction (2c-2d-LSRl) equations[13-16]. Note that the special 
case of coefficients {vy^\ = Uy, 2,0:1 = /3i,a6 = /36,74 = 75) is integrable. In the one- 
component integrable case, several solutions have been presented [15, 17-19]. In Ref.[20], 
some solutions of matrix generalization were discussed. In the next section, we will present 
the determinant formula of A^-soliton solution for the integrable 2c-2d-LSRI equations. 

3. Soliton Solutions 

We study the soUton solutions of an integrable case of the 2c-2d-LSRI equations 

i(5«+5«)-5W+L5«=0, (3.1) 
i(5f)+5f))-5(2)-HL5(2)=0, (3.2) 
it = 2(|5«n, + 2(|5(2)|2)^. (3.3) 
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By the dependent variable transformation 

S^'' = J^ S^'' = §, ^ = -2^1og^. (3-4) 
we have three bihnear equations 

[i{Dt + Dy)-Dl]G-F = 0, (3.5) 

[i{Dt + Dy)-Dl]H.F = 0, (3.6) 

{DtD^ - 2c)F ■ F + 2GG* + 2HH* = . (3.7) 

Here we set c = which means we consider the bright-type sohton solutions. These bilinear 
equations belong to the three-component KP hierarchy [21-24]. We can construct soliton 
solutions in which the number of solitons in channel i is Ni{i = 1,2,3). We call this solution 
{Ni,N2, TVs) -sohton solution. 

Wronskian form of the bright type {N, M,N + M)-soUton solutions 

Let 



'fi2 


A'' 


(N + M-l + n+m) 

■■■ Vl 

(N+M-l+n+m) 
^2 


V'l 

1p2 


4'' 






n) 
n) 















<t>l 
4>2 




(N+M-l + n + m) 
V2N 

^(N+M-l+n+m.) 

1 (N+M-l+n+m) 
^2 


tp2N 











V2N 





n) 




Xi 

X2 




xi'' ■ 
xi'' ■ 




(M-l-m 

■ Xi 

(M-l-m 
X2 


02M 




,(N+M-l+n+m) 
'P2M 















(1) 

X2M X2M • 


(M-l-m 
X2M 


fi = e^' 






for 


i 


1,2, 


.■,N 










^N+i = 




-Ci = -PiXl + {-P*fx2 , 




for i = 


1,2 




,N 




<j)i = e^* 




6i = SiXi + s1x2 , 


for 


i = 


1,2,- 


..,M 










(t>M+i = 




-e* = -s*x, + {-s*) 


'^X2 , 




for i = 


1,2 




,M 






Vi ^ 




for 


i = 


1,2, 


••,7V 











tpN+i = aN+ie~'^' , -r]* = -q*yi - rj-Q , for i = 1, 2, • • • , iV 

Xi = bie'^', Ci = + Go , for i = 1,2,---,M 

XM+i = bM+ie~^' , -Ci = -r*zi - C^o , for i = 1, 2, • • • , M 

( N ^ ^ \ / M \ 

Jl{si-pi)\ , for i = l,2,.--,Ar 



ai = 



n 



Pk-Pi 



<^N+^^sAl[P^^] [Hisi+p*)] , for i = 1,2, •••,7V 



N \ I M 

Si - 



/ N \ / M 



bM+i = l^YliPk + s*)j j ' for i = 1, 2, • • • , M 
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£i = ±1 , 



6i = ±l. 



where * means complex conjugate and ft, qi(l < i < N) and Sj, (1 < i < M) are complex 
wave numbers, and rjio (1 < i < N) and Cio (1 < * < M) are complex phase parameters. 
In order to obtain regular solutions, we have to choose appropriate sign for and 6i, which 
depend on parameters Pi,qi,ri,Si. We take 



Xi = X , 



xi = -ty , 



yi = y-t, 



zi = y-t, 



where x, y and t are real , (i.e. xi, yi and zi are real and X2 is pure imaginary). 
Let 



/ = Too , 5 = no , g 

These tau-functions satisfy the condition 



T-l.O : 



h- 



TOl ■ 



h 



To,-l . 



h 

/' 



/' V/. 
/g: real. 

where G is an exponential factor which is a gauge function (see Appendix). Let F = fQ, 
G = gg, G* = gg, H = hg, H* = hg. The functions F, G and H satisfy the bihnear 
equations (3.5)-(3.7) and reality of F and complex conjugacy of G and H. The function 

G/F represents A/^-soUton 

H/ F represents M-soUton solution. 
(1,1, 2)-soliton solution 
The T-f unctions of (1, 1, 2)-soliton solution are the following: 



L = —2-^\ogF represents N + M-soliton solution, 
solution, and 5*2 



01 
(t>2 

4>2 



0« 



^1 

1p2 




(2) 
fl 
(2) 

4^' 



■^1 



slx2 , 



oi = si - Pi 



6 =Pia^i 

vi = qiyi + mo 
Ci = nzi + Cio , 






XI 

X2 




Xi 

X2 

^1 

V'2 




^2 = 
02 = 

i>2 



h = 



026 



X2 = &2e , 

I * 

Pi +Pl 





V'l 




' 




^2 


"02 









(t>l 








Xi 


1 


4>2 








X2 






^1 










V2 


V'2 










01 





Xi 




1 


02 





X2 








$1* = 


-V{xx + (-p^)^a;2 




6*^ = 


Si 


a;i + (- 






-r?i* 




-9iyi - 


-%o. 




-cr 




ri2;i - 


ClO ' 



Pi -Si, a2=e(si+Pi) 



91 +91 



&2 = (5(st+pi) 



Sl 



ri 



£ = ±1, ^ = ±1, 
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Figure 1. (1, 1, 2)-.soliton solution, pi = 2 + 2i, si = — 1 + i, qi = —2 + i, ri = 1 + i, 
£ = (5=1. The top left graph is —L, the top right graph is S'^' and the bottom graph is S'^' 
at t = 0. 

and xi =x,X2 = -iy, yi = y - t, zi = y - t. 

Figure 1 shows the (1, 1, 2)-soliton. In the field Si and ^2, there is the single soliton. 
However, each solitons in 5*1 and 5*2 interact through the field L. So the behavior of solitons 
looks like two-soliton solution, i.e., we see the phase shift in the region of the interaction (see 
the bottom graph in Fig.l). 
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(2, 2, 4)-soliton solution 

The T-functions of (2, 2, 4)-soliton solution are tiie following: 



g = 





^1^^ 


(2) 


(3) 
Vl 


i'l 












^^^^ 


(2) 
</'2 


(3) 
</'2 


i>2 










^3 


^« 


(2) 




"03 










ip4 




(2) 
<y54 




"04 










01 


01 


01 


^(3) 
01 








Xi 


(1) 
Xi 


02 


^(1) 
02 


02 


02 








X2 


(1) 

X2 




i(l) 


i(2) 


i(3) 






X3 


(1) 


03 


03 


03 


03 








X3 




jl(1) 


J.(2) 


J. (3) 






X4 


(1) 


04 


04 


04 


04 








X4 




^^^^ 


(2) 


(3) 
'^1 


(4) 


V-i 












(2) 
f2 




(4) 
f2 


l/'2 








^3 




(2) 
<<^3 




(4) 


V'3 








tpi 










V'4 














0p) 


0l'' 




Xi 


44 


01 

















0« 


0f 


0f 


0^' 




X2 




02 



























X3 




03 


0i^^ 


03 


0?^ 


0^' 





44 








0f 


0f 




X4 


44 


04 




04 













^['' 


(2) 
Vl 


v-i 


^^^^ 


4'' 








^2 


^« 


(2) 
<P2 


•02 




4'' 








V3 




(2) 
^3 


•03 




4'^ 








(^4 




(2) 


V''4 




4r 








01 


0l^' 


<^'? 











Xi 


44 


02 


0« 


0f 











X2 


x4 


03 


0i^^ 


0f 











X3 


x4 


04 


0f^ 


0f^ 











X4 


44 




^^^^ 


(2) 
<Pl 






■01 











(2) 
'P2 




4^' 


•02 


4^' 





V3 




(2) 


(3) 


(4) 
V3 


i^3 


4'' 





(^4 




(2) 




4t' 


V'4 


^j4' 





01 


0l^^ 




0p) 










Xi 


02 






0f 


0^' 








X2 


03 






0f 


0r^ 








X3 


04 


0i^) 


0f) 


0f^ 


0i^^ 








X4 
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<Pl 
<f>2 



(2) 

(2) 

(2) 
f3 
(2) 



^1 



A 

■03 
■04 






V2 = 



^« 

^« 














Xi 

X2 
X3 
X4 









x« 

xi^^ 
xi^^ 









xf^ 

(2) 

Xs 

(2) 



e 

03 = e-^i , 

•03 = ase"''!* , 
Xi = &ie^' , 

X3 = 636"^!* , 



6 = Pia^i + V1X2 , 

-^1 = -P*lXl + {-plfx2 , 
61 = SiXi + s\x2 , 02 = , 

vi = Qivi + mo , i^2 = 026 



V?4 



6 = P2a;i + ^22^2 

S2XI + 82X2 , 



-«2 



-P2a;i + (-P2) 

-S2a;i + (-S2)' 



'72 



«2yi + mo , 

Ci = nzi + Cio , X2 = &2e^^ , C2 = '■22:1 + C20 , 
-Ci* = -rlzr - Cw , X4 = 646"^=* , -C2 = -r*2Zi - Q 



ai 



P2 -pi 



02 = 



Q2 

Pi 



- qi 

■P2 



qi -q2 



(Sl -pl)(-'>'2 -Pl) : 
(Sl -P2)(S2 -P2): 



10 > X4 
S2 - Si 



^20 ' 



61 = 

62 = 



r2 

Sl 



S2 



ri — r2 



ipi - Sl){p2 - Sl) , 
{Pl - S2)iP2 - S2) , 



03 = £1- 



Pl +P*1 P2 +pI 



04 = £2 - 



qi 

Pl 



- qi 92 

-P2 P2 



ql 

P*2 



(si + Pi){s2 + pI) , b3 = Si 



Sl + Sl S2 



+P2)(S2 +P2) > h = S2 



ri + rl r2 

Sl + S2 S2 



%{S*1+Pl){s*l+P2): 



ri + r? r2 + r: 



j(S2+Pl)(S2+P2) 



' 91 + 92 92 + 9| 

£i = ±l, Si = ±1 {i = 1,2) , 

and a;i = x, X2 = — iy, yi = y — t, Zi = y — t. 

Figures 2 and 3 show the (2, 2, 4)-soliton interaction. In Fig. 3, an interesting soliton 
interaction of V-shape solitons and breather-type soUtons is found. This interesting interaction 
is made by the effect of the complicated condition for reality and complex conjugacy. The 
similar interaction patterns were found in the case of one-component [15]. 



4. Concluding Remarks 

We have derived two-component analogue of the two-dimensional long wave-short wave 
interaction equations. Then, we have presented Wronskian solutions to the system. 
Interestingly, the direction of a soliton on S^-^^ is different from one of a soliton on 5^^' . This 
is a special phenomenon in the case of two-dimensional vector soUton. We also found the 
interesting soliton interaction patterns including V-shape and breather-type soliton solutions. 

Note that the generalization to iV-component system is possible. In the TV-component 
case, the solutions are constructed from (N + 1) -component Wronskian of the {N + 1)- 
component KP hierarchy. 

Recently, another two-dimensional analogue of long wave-short wave interaction 
equations was derived asymptotically in [25]. The integrabiUty and the existence of A/^-soUton 
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Figure 2. (2, 2, 4)-soliton solution, pi = 2 + 2j, p2 = 1 + 3t, pa = 2 - 2i, p4 = 1 - 3j, 
si = —1 + j, S2 = —2 + 3i, S3 = —1 — i, S4 = —2 — 3i, qi = —2 + i, Q'z = —3 + 2i, 
53 = —2 — i, = —3 — 2i, ri = 1 + i, fz = 1-5 + i, r3 = 1 — i, r4 = 1.5 — i, 
ei = £2 = &i = iz = 1- The top left graph is —L, the top right graph is S^^'> and the 
bottom graph is S(^) at t = 3. 



solution of this system is unknown. The study of multi-component generahzation of this 
system is also interesting. 

The detail of analysis of soUton interaction will be presented in the forthcoming article. 
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Figure 3. (2, 2, 4)-soliton solution, pi = 2 + 3i, p2 = 3 — i, P3 = 
si = 2 + 2i, S2 = 4 + 2i, S3 = 2 - 2i, 34 = -4 - 2i, qi = 2 
qs = 2 — i, q4 = 2.01 — i, n = 1 + i, r2 = 1-5 + i, rs = I — i, ta = 1-5 — i, 
-1. The top left graph is —L, the top right graph is S(^) and the 
= 0. 



£1 = £2 



52 



Si, p4 = 3 + i, 
92 = 2.01 + i, 
i, TA = 1-5 — i. 



&i — &z — — — 

bottom graph is 5'^^ at t = 0. 



Appendix 

Consider the following three component Wronskian: 

tnml = 



(1) 

'PI Pi 

(1) 

P2 P2 



(1) 

VN + M+L fN + M+L 



(N-l) 
^1 

(JV-1) 
^2 



(N-l) 
'''iV + M + L 



^1 
^2 



i'N + M + L i'N + M+L 



,,(M^1) 



(M-1) 



(1) 



X-2 



(1,-1) 
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where ipi are functions of xi, X2 and satisfy 

tpi are arbittary functions of yi, Xi are arbiteary functions of zi, and 

This tnm l satisfies 

(■D^i — -Dx2)TiV+l,M-l,L • tnml = , 
(-D^i — Dx2)tn+i,m,l-i ■ tnml = , 

DxiDy^TNML ■ TnmL = 2rjv+l,M-l,L7"jV-l,M+l,I, , 
DxiDziTNML ■ TnmL = 2rjv+l,M,Z,-lTjV-l,M,L+l • 



Setting 

f = TNML , 9 = Tn+\,M-\,L -I 9 = Tn-1,M+1,L ■ 

these T-functions satisfy 

Dx,{Dy,+D,,)f-f = 2{gg + hh). 
Applying the transformation of the dependent variables 



TN+1,M,L-1 ■ 



tn-\,m,l+\ ■ 



Si = 



f 



Si = 



f 



So = 



§2 = 



we obtain 



dl^Si- LSi+dxJi^O, 
dx^S2 — LS2 — 0x282 ~ , 
81^82-182 + 8x282=0, 
-{dy,+8,,)L = 2{8^S^+82S2)x, 
Applying the change of independent variables 



I.e., 



we obtain 



dx = dx 



X2 



dy = dy, + 8, 



yi = y-t, 



idx 



8^81 - LSi - i{dt + dy)8i = , 

8151- LSi+i{dt+dy)Si=Q, 
8I82- LS2-i{dt+dy)82=0, 

8152- LS2+i{dt + dy)S2=Q, 
Lt = 2(5i5i + S'2<S'2)x • 



L = -{2\ogf)xixi , 



zi = y-t, 



8yi - 8^ 
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In the above solution, we consider the replacements of N, M and L by 

N^2N, M^N, L^N, 

i.e., consider 



/ = T2N,N,N 

Setting 



9 = T2N+1,N-1,N 9 = T2N-1,N+1,N h = T2N+1,N,N-1 h = T2N-1,N,N+1 

-IplN+l = '>p2N+2 = ■■■ = i^iN = , Xl = X2 = • • • = X2N = , 



we have 

T2N+n+m,N-n,N—m 



(1) 

'P2N V'2JV 
(1) 

'P2N+1 'PiN+l 



(1) 



(2N+n+m-l) 



(2N+n+m.-l) 

(2N+n+m-l) 
¥'2JV+1 



(2JV+7i+m.-l) 

"Pan 



(1) 



V'2iV '(/'2JV 



(AT-n-l) 



V2N 



(1) (AT-m-l) 
X2iV+l X2iV+l X2N+I 



(1) (JV-m-1) 
X4JV X4JV XiN 



Note that this determinant is if A'^ — n > 2^^^ or N — m> 2N. Consider the following table 
of non-zero r-functions: 



m — N T2N,2N,0 T2N+1,2N-1,0 

m = N—l T2JV-1,2JV,1 '''2JV,2iV-l,l 



T4Ar-l,l,0 T4N,0,0 
TaN-2,1,1 T4JV-1,0,1 



m = -7V-I- 1 
m = -N 



Tl,2N,2N-l T2,2N-l,2N-l 
T0,2N,2N Tl,2JV-l,2iV 



T2N,1,2N-1 T2JV+1,0,2JV-1 
T2JV-1,1,2JV T2N,0,2N 



n = -N n = -N +1 n = N -1 

The T-function in the center on the table is corresponding to /: 



n = N 



T2N,2Nfi T2N+l,2N-l,0 
T2N-\,2N,\ T2JV,2JV-1,1 



T4Ar-l,l,0 
T4JV-2,1,1 



T4iV-l,0,l 



h 
f 
h 



Tl,2Ar,2Af-l T2,2JV-l,2Ar-l 
T0,2N,2N Tl,2Ar-l,2Af 



T2Ar,l,2Af-l T2N+1,0,2N-1 
T2N-IA.2N T2N,0.2N 



Now we want to find the condition of complex conjugacy (/: real, g = 9* ,h = h* where * 
means complex conjugate). For the function T2N+n+m,N-n,N-my the bilinear equations of 
two-dimensional Toda lattice 

DxiDy^T2N+n+m,N-n,N-m " T2N+n+m,N~n,N-m 

= 2T2N+n+m+l,N-n-l,N-mT2N+n+m-l,N-n+l,N-m 

DxiDziT2N+n+m,N-n,N-m ' T2N+n+m,N-n,N-m 

= 2T2N+n+m,+l,N-n,N-m-lT2N+n+m-l,N-n,N-m+l 
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are satisfied. Since the function r4jv,o,o depends on only xi, x^, the following biUnear 
equations are satisfied: 

p. -p. TlN+n+m,N -n,N -m T2N+n+m,N-n,N-m 



2 



74JV,0,0 T4N,0,0 
T2N+n+m+l,N-n-l,N-m T2N+n+m-l,N-n+l,N-m 



T4N,0,0 T4Nfi,0 
jj jj T2N+n+m,N-n,N-m T2N+n+m,N-n,N-' 
T4JV,0,0 T4jV,0,0 
_ 2''2JV+7i+m+l,JV-n,Ar-m-l T2N+n+m-l 



,N—n,N—m+l 



Tan, 0,0 T4N,0,0 

The table of solutions of these bilinear equations are as follows: 

T2JV,2Ar,0 T2Ar+l,2Ar-l,0 T4]V-1,1,0 



1 



T4N,0,0 T4N,o,0 T47V,0,0 

T2JV-1,2JV,1 T2Af,2jV-l,l T4Af-2,l,l T4Af-i^o^i 

T4N,0,0 T4N,0,0 T4N,0,0 7"4JV,0,0 

h 



T4N,0,0 
f 



T4N,0,0 T4JV,0,0 T4jV,0,0 
h 



T4N,0,0 

Tl,2JV,2iV-l T2,2iV-l,2JV-l T2JV,l,2iV-l "r2JV+l,0,2iV-l 

74JV,0,0 T4Ar,0,0 74JV,0,0 T4JV,0,0 

To,2N,2N Tl,2JV-l,2Ar T2N-1,1,2N 7"2JV,0,2JV 

T4JV,0,0 T4jV,0,0 T4JV,0,0 T4jV,0,0 

Since the function to,2n,2n does not depend on xi, the following bilinear equations are also 
satisfied: 

^ P, T2N+n+m,N-n,N-m T2N+n+m,N -n,N-m 
To,2N,2N To,2N,2N 

_ r) T2iV+TO+m+l,JV-w-l,JV-TO T2N +n+m-l,N -n+l,N -m 
— ^ ) 
To,2N,2N T'o,2Ar,2JV 

^ T2N+n+m,N-n,N-m T2N+n+m,N-n,N-m, 

T0,2N,2N To^2N,2N 

_ ^T2N+n+m+l,N-n,N-m-l T2N+n+m-l,N-n,N-m+l 

To,2N,2N T0,2JV,2iV 
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The table of solutions of these bilinear equations are as follows: 

T2JV,2iV,0 T2JV+l,2iV-l,0 T4JV-1,1,0 T4N,0,0 



T2N-1,2N,1 T2N,2N-1,1 7'4Ar_2,l,l T4Ar_i,o,l 

To,2N,2N To,2iV,2JV To,2iV,2JV To,2iV,2JV 



To,2JV,2JV 
/ 



To,2N,2N Tq,2N,2N T0,2JV,2iV 

h 



T0,2N,2N 

TlflN,2N-l T2,2N-1,2N-1 T2N,l,2N-l '''2N+1,0,2N-1 

To,2N,2N To,2N,2N To,2iV,2JV To,2JV,2JV 

^ Ti,2Ar-l,2JV T2N-1,1,2N T2JV,0,2JV 

T0,2N,2N T0,2N,2N 7o,2iV,2JV 

Consider the case in which the relations 

T4jV-l,l,0 _ / Ti,2jV-l,2JV 



T4N,0fi \ To,2iV,2JV 

and 

T4JV-1,0,1 _ / Ti^2N,2N-l 



T4N,0fi \ To,2iV,2JV 

are satisfied. If we choose elements in the solution in the section 3 as ipi, tjji, xu these relations 
are satisfied, and we also notice that the relations 

/ f f 



T4N,0,0 \Tq,2N,2N 

9 ( 9 



T4N,0,0 \Ta,2N,2N 
h f h 



T4N,0fi \Ta,2N,2N , 

are satisfied. From these relations, we conclude that the complex conjugacy condition 

f) /' \f) /' 

fQ ■ real , 

where Q is an exponential factor which is a gauge function, is satisfied. 
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